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Learning Representations
Everyone’s Favorite Example: MNIST

Goal: Learn features that capture similarities and dissimilarities

Requirement: Objective that defines notion of utility (task-dependent)
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Entangled Representation: Individual dimensions in code 
encode some unknown combination of features in the data.  
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Learning Disentangled Representations in DGMs

(a) (b) (c) (d)

Figure 2. (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and the label varied. (b) Exploration in
“style” space for a 2D latent gaussian random variable. Visual analogies for the SVHN data when (c) fully supervised, and (d) partially
supervised with just 100 labels/digit.

Note that the exact functional form of the Monte Carlo
estimator will vary depending on the dependency struc-
ture of q�

�
z,y | xi

�
. For example, for discrete y,

choosing q�(z,y | x) = q�z (z | y,x)q�y (y | x), decom-
poses the problem into simultaneously learning a classifier
q�y (y | x) alongside the generative model parameters ✓
and encoder q�z (z|x,y) which is conditioned on the se-
lected class. The computation graph for a model with this
factorization is shown in Figure 1. In it, the value y of
the distribution q�y (· | x) is observed, while the distribu-
tion q�z (· | x,y) has been reparameterized. The forward
pass samples where necessary and uses observed values
where available, computing the objective
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which includes a term proportional to Lx|y in Equation (3)
but also now includes the classifier parameters �y . In the
backwards pass, gradients are computed by following stan-
dard automatic differentiation (AD) rules. When an ob-
served random variable is encountered, it is considered a
fixed input, and no gradient is passed backwards along its
sampler’s incoming edge. In Figure 1, this corresponds to
gradients along the arrow going backward from the sam-
pler S of the random variable Y to the block NN(�y).
The forward and backward passes of the algorithm are de-
scribed in Algorithm 1.

The formulation extends the capabilities for semi-
supervised learning in deep generative models in a num-
ber of ways. First, it allows us to perform semi-supervised
learning for models in which latent variables have con-
tinuous support. Second, it implicitly balances the trade-
off between learning a classifier or regressor and learn-
ing the generative model and the rest of the recognition
network. This is due to the fact that the discriminative
term, q�y (y | x) in our running example, is always present
and learned, in contrast to the hyper-parameter approach
in Kingma et al. (2014). Finally, it allows for flexible im-
plementation of a wide variety of models, separating out
the labelled and unlabelled variables, to derive a unified
objective over both the supervised and unsupervised cases.
When unsupervised, the value of the label yi is sampled
from q�y (y | x) and scored in that distribution, and when
supervised, it is set to the given value, and scored in the
same distribution. This is similar to approaches such as
Automatic Differentiation (AD) and Probabilistic Program
inference, where the choice of representation enables ease
of automation for a great variety of different cases.

3. Experiments

We evaluate our framework along a number of different
axes pertaining to its ability to learn disentangled represen-
tations through the provision of dependency structures for
the latents and minimal supervision. In particular, we eval-
uate its ability to (i) function as a classifier/regressor for
particular latents under the given dataset, (ii) learn the gen-
erative model in a manner that preserves the semantics of
the latents with respect to the data generated, and (iii) per-
form these tasks, in a flexible manner, for a variety of dif-
ferent models and data.

Note that in our experiments, we do not set out to explicitly
build the best possible classifier/regressor. Instead, being
able to classify or perform regression is a means to demon-
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gradients along the arrow going backward from the sam-
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scribed in Algorithm 1.
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and learned, in contrast to the hyper-parameter approach
in Kingma et al. (2014). Finally, it allows for flexible im-
plementation of a wide variety of models, separating out
the labelled and unlabelled variables, to derive a unified
objective over both the supervised and unsupervised cases.
When unsupervised, the value of the label yi is sampled
from q�y (y | x) and scored in that distribution, and when
supervised, it is set to the given value, and scored in the
same distribution. This is similar to approaches such as
Automatic Differentiation (AD) and Probabilistic Program
inference, where the choice of representation enables ease
of automation for a great variety of different cases.

3. Experiments

We evaluate our framework along a number of different
axes pertaining to its ability to learn disentangled represen-
tations through the provision of dependency structures for
the latents and minimal supervision. In particular, we eval-
uate its ability to (i) function as a classifier/regressor for
particular latents under the given dataset, (ii) learn the gen-
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ỹ=yi

= Eq�y

"
�yi(y)Eq�z

"
log

p✓
�
xi | z,y

�
p(z,y)

q�y (y | xi)q�z (z | y,xi)

##

= q�y

�
yi | xi

�
Eq�z

"
log

p✓
�
xi | z,yi

�
p
�
z,yi

�

q�y (y
i | xi)q�z (z | yi,xi)

#

= q�y

�
yi | xi

�
⇥


Lx|y

�
✓,�z ;x

i,yi
�
+ log p

�
yi
�
� log q�y

�
yi | xi

��
,

(5)
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term, q�y (y | x) in our running example, is always present
and learned, in contrast to the hyper-parameter approach
in Kingma et al. (2014). Finally, it allows for flexible im-
plementation of a wide variety of models, separating out
the labelled and unlabelled variables, to derive a unified
objective over both the supervised and unsupervised cases.
When unsupervised, the value of the label yi is sampled
from q�y (y | x) and scored in that distribution, and when
supervised, it is set to the given value, and scored in the
same distribution. This is similar to approaches such as
Automatic Differentiation (AD) and Probabilistic Program
inference, where the choice of representation enables ease
of automation for a great variety of different cases.

3. Experiments

We evaluate our framework along a number of different
axes pertaining to its ability to learn disentangled represen-
tations through the provision of dependency structures for
the latents and minimal supervision. In particular, we eval-
uate its ability to (i) function as a classifier/regressor for
particular latents under the given dataset, (ii) learn the gen-
erative model in a manner that preserves the semantics of
the latents with respect to the data generated, and (iii) per-
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ferent models and data.
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build the best possible classifier/regressor. Instead, being
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which includes a term proportional to Lx|y in Equation (3)
but also now includes the classifier parameters �y . In the
backwards pass, gradients are computed by following stan-
dard automatic differentiation (AD) rules. When an ob-
served random variable is encountered, it is considered a
fixed input, and no gradient is passed backwards along its
sampler’s incoming edge. In Figure 1, this corresponds to
gradients along the arrow going backward from the sam-
pler S of the random variable Y to the block NN(�y).
The forward and backward passes of the algorithm are de-
scribed in Algorithm 1.

The formulation extends the capabilities for semi-
supervised learning in deep generative models in a num-
ber of ways. First, it allows us to perform semi-supervised
learning for models in which latent variables have con-
tinuous support. Second, it implicitly balances the trade-
off between learning a classifier or regressor and learn-
ing the generative model and the rest of the recognition
network. This is due to the fact that the discriminative
term, q�y (y | x) in our running example, is always present
and learned, in contrast to the hyper-parameter approach
in Kingma et al. (2014). Finally, it allows for flexible im-
plementation of a wide variety of models, separating out
the labelled and unlabelled variables, to derive a unified
objective over both the supervised and unsupervised cases.
When unsupervised, the value of the label yi is sampled
from q�y (y | x) and scored in that distribution, and when
supervised, it is set to the given value, and scored in the
same distribution. This is similar to approaches such as
Automatic Differentiation (AD) and Probabilistic Program
inference, where the choice of representation enables ease
of automation for a great variety of different cases.

3. Experiments

We evaluate our framework along a number of different
axes pertaining to its ability to learn disentangled represen-
tations through the provision of dependency structures for
the latents and minimal supervision. In particular, we eval-
uate its ability to (i) function as a classifier/regressor for
particular latents under the given dataset, (ii) learn the gen-
erative model in a manner that preserves the semantics of
the latents with respect to the data generated, and (iii) per-
form these tasks, in a flexible manner, for a variety of dif-
ferent models and data.

Note that in our experiments, we do not set out to explicitly
build the best possible classifier/regressor. Instead, being
able to classify or perform regression is a means to demon-
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which includes a term proportional to Lx|y in Equation (3)
but also now includes the classifier parameters �y . In the
backwards pass, gradients are computed by following stan-
dard automatic differentiation (AD) rules. When an ob-
served random variable is encountered, it is considered a
fixed input, and no gradient is passed backwards along its
sampler’s incoming edge. In Figure 1, this corresponds to
gradients along the arrow going backward from the sam-
pler S of the random variable Y to the block NN(�y).
The forward and backward passes of the algorithm are de-
scribed in Algorithm 1.

The formulation extends the capabilities for semi-
supervised learning in deep generative models in a num-
ber of ways. First, it allows us to perform semi-supervised
learning for models in which latent variables have con-
tinuous support. Second, it implicitly balances the trade-
off between learning a classifier or regressor and learn-
ing the generative model and the rest of the recognition
network. This is due to the fact that the discriminative
term, q�y (y | x) in our running example, is always present
and learned, in contrast to the hyper-parameter approach
in Kingma et al. (2014). Finally, it allows for flexible im-
plementation of a wide variety of models, separating out
the labelled and unlabelled variables, to derive a unified
objective over both the supervised and unsupervised cases.
When unsupervised, the value of the label yi is sampled
from q�y (y | x) and scored in that distribution, and when
supervised, it is set to the given value, and scored in the
same distribution. This is similar to approaches such as
Automatic Differentiation (AD) and Probabilistic Program
inference, where the choice of representation enables ease
of automation for a great variety of different cases.

3. Experiments

We evaluate our framework along a number of different
axes pertaining to its ability to learn disentangled represen-
tations through the provision of dependency structures for
the latents and minimal supervision. In particular, we eval-
uate its ability to (i) function as a classifier/regressor for
particular latents under the given dataset, (ii) learn the gen-
erative model in a manner that preserves the semantics of
the latents with respect to the data generated, and (iii) per-
form these tasks, in a flexible manner, for a variety of dif-
ferent models and data.

Note that in our experiments, we do not set out to explicitly
build the best possible classifier/regressor. Instead, being
able to classify or perform regression is a means to demon-
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Semi-supervised Learning

[Kingma, Mohamed, Jimenez-Rezende, Welling, Semi-supervised Learning with Deep Generative Models, NIPS 2014]
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
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n=1

L(�, ✓;xn) =
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n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144
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2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),
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n=1
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Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131

along with the data, for fixed (xi,yi) pairs, the lower bound on the conditional log-marginal likelihood132

log p✓(x | y) is133

Lx|y
�
✓,�z;x

i,yi
�
= Eq�z (z|xi,yi)

"
log

p✓
�
xi | z,yi

�
p
�
z | yi

�

q�z (z | xi,yi)

#
. (3)

This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�
�
z,y | xi

�
. For example, for discrete y, choosing q�(z,y | x) =147

q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150

ure 1. In it, the value y of the distribution q�y (· | x) is observed, while the distribution q�z (· | x,y)151

4

p

λ

y

η

ε

z p

λ

q

ηφ

φ

x (data) y (partial labels)

p

ηθ

q

Recognition Model

z x

y

Generative Model

z x
ε

y

x

Separate interpretable y  
from “nuisance” variables z

Disentangled  
Representation

[Kingma, Mohamed, Jimenez-Rezende, Welling, Semi-supervised Learning with Deep Generative Models, NIPS 2014]

Infer y from pixels x, 
and z from y and x

Inference Model (Encoder)

z 
(h

an
dw

rit
in

g 
sty

le)

y (digit label)
Disentangled RepresentationStochastic Computation Graph for VAE

ε z

p

q λ

η

φ n

θ

z

p

q λ

η

φ n

θ

(a) (b) (c) (d)
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
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dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).

xn

zn ✓�

N

Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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ỹ=yi = Eq�(z,y|xi)

"
�yi(y) log

p✓

�
xi | z,y

�
p(z,y)

q�(z,y | xi)

#
. (4)
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2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),
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Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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N

Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.

3

Assume independence  
between digit y and style z

Generative Model (Decoder)

z 
(h

an
dw

rit
in

g 
sty

le)

y (digit label)
Disentangled RepresentationStochastic Computation Graph for VAE

ε z

p

q λ

η

φ n

θ

z

p

q λ

η

φ n

θ

(a) (b) (c) (d)
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134
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2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),
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n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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class Encoder(torch.nn.Module):
def __init__(self, x_sz, h_sz, y_sz, z_sz):
# intializes layers: h, y_log_weights, ...
...

def forward(self, x, y_values=None):
q = probtorch.Trace()
h = self.h(x)
y = q.concrete(

self.y_log_weights(h), 0.66,
value=y_values, name='y')

hy = torch.cat([h, y], -1)
z = q.normal(self.z_mean(hy),

self.z_std(hy),
name='z')

return q

class Decoder(torch.nn.Module):
def __init__(self, x_sz, h_sz, y_sz, z_sz):
# intializes layers: h, x_mean, ...
...

def forward(self, x, q):
p = probtorch.Trace()
y = p.concrete(self.y_log_weights, 0.66,

value=q['y'], name='y')
z = p.normal(0.0, 1.0,

value=q['z'], name='z')
h = self.h(torch.cat([y, z], -1))
x = p.loss(self.bce,

self.x_mean(h), x,
name='x')

return p

Figure 2: Probabilistic Torch implementation of the model in Figure 1. The encoder and decoder initialize
network layers in the constructor, and implement a function forward that evaluates the network on inputs.
Probabilistic Torch provides a Trace data structure that stores random variable nodes. The encoder returns a
trace containing two such variables q['y'] and q['z'], whose values condition execution in the decoder.

This distribution is similarly parameterized by a neural network �z(x , y;�z) with parameters �z .

Given a set of images D ⇤ {x1 , . . . , xN }, we can train the generative and recognition models jointly by
optimizing an objective known as the evidence lower bound (ELBO) L(�, ✓;D)  log p(D)

L(�, ✓;D) ⇤ ÕN
n⇤1 L(�, ✓; xn) ⇤ ÕN

n⇤1 Eq�(y ,z |xn )
⇥
log p✓(xn , y , z) � log q�(y , z | xn)

⇤
. (1)

To optimize this objective, we need to compute an expectation with respect to q(y , z | xn), which is intractable.
Edward [90], Pyro [2], and Probabilistic Torch [95] provide methods to approximate the gradient of this
objective with a Monte Carlo estimate. To calculate this estimate, these libraries construct a stochastic
computation graph of the form shown in Figure 1, which draws reparameterized samples y , z ⇠ q(y , z | xn)
from the recognition model, and computes the log probabilities log p✓(xn , y , z) and log q�(y , z | xn).
Figure 2 shows the Probabilistic Torch implementation of the encoder and decoder, which are both standard
PyTorch networks. Probabilistic Torch extends PyTorch with a data structure that we refer to as a Trace,
which instantiates and stores named random variables. Forward execution of the encoder first generates a
sample q['y'] from a Concrete distribution (a continuous relaxation of the categorical distribution [51, 35])
and then generates q['z'] from a normal distribution. The returned trace q holds both the value and log
probability for each of the sampled variables. The values condition forward execution in the decoder, which
returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
can be optimized with stochastic gradient descent in the usual manner.

The design shown in Figure 2 is nothing fancy, which is deliberate. Our goal with Probabilistic Torch [95]
is to provide a minimal set of abstractions that extend PyTorch with the functionality for deep generative
models: (1) distribution primitives to define random variable nodes (2) automated procedures to compute
variational objectives. Two libraries that provide similar constructs are Pyro [2], which is also based on PyTorch
[69], and Edward [90], which is implemented on top of TensorFlow [1]. Probabilistic Torch and Pyro were
developed independently, but have substantially similar designs. I expect that we will work closely with the
Pyro team in the future (see letter of collaboration). The main difference with respect to Edward lies in the
deep learning frameworks upon which these libraries are built. TensorFlow models compile to a static graph,
whereas PyTorch model are dynamic in the sense that the computation graph is constructed at run time
using a tape-based automatic differentiation system [5]. That said, the distinction between TensorFlow and
PyTorch based systems will likely be less prominent in the future, since support for dynamic execution is
also under development for TensorFlow [82]. For this reason, I expect that innovations from the proposed
work will find their way into all three systems.
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returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
can be optimized with stochastic gradient descent in the usual manner.

The design shown in Figure 2 is nothing fancy, which is deliberate. Our goal with Probabilistic Torch [95]
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This distribution is similarly parameterized by a neural network �z(x , y;�z) with parameters �z .

Given a set of images D ⇤ {x1 , . . . , xN }, we can train the generative and recognition models jointly by
optimizing an objective known as the evidence lower bound (ELBO) L(�, ✓;D)  log p(D)

L(�, ✓;D) ⇤ ÕN
n⇤1 L(�, ✓; xn) ⇤ ÕN

n⇤1 Eq�(y ,z |xn )
⇥
log p✓(xn , y , z) � log q�(y , z | xn)

⇤
. (1)

To optimize this objective, we need to compute an expectation with respect to q(y , z | xn), which is intractable.
Edward [90], Pyro [2], and Probabilistic Torch [95] provide methods to approximate the gradient of this
objective with a Monte Carlo estimate. To calculate this estimate, these libraries construct a stochastic
computation graph of the form shown in Figure 1, which draws reparameterized samples y , z ⇠ q(y , z | xn)
from the recognition model, and computes the log probabilities log p✓(xn , y , z) and log q�(y , z | xn).
Figure 2 shows the Probabilistic Torch implementation of the encoder and decoder, which are both standard
PyTorch networks. Probabilistic Torch extends PyTorch with a data structure that we refer to as a Trace,
which instantiates and stores named random variables. Forward execution of the encoder first generates a
sample q['y'] from a Concrete distribution (a continuous relaxation of the categorical distribution [51, 35])
and then generates q['z'] from a normal distribution. The returned trace q holds both the value and log
probability for each of the sampled variables. The values condition forward execution in the decoder, which
returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
can be optimized with stochastic gradient descent in the usual manner.

The design shown in Figure 2 is nothing fancy, which is deliberate. Our goal with Probabilistic Torch [95]
is to provide a minimal set of abstractions that extend PyTorch with the functionality for deep generative
models: (1) distribution primitives to define random variable nodes (2) automated procedures to compute
variational objectives. Two libraries that provide similar constructs are Pyro [2], which is also based on PyTorch
[69], and Edward [90], which is implemented on top of TensorFlow [1]. Probabilistic Torch and Pyro were
developed independently, but have substantially similar designs. I expect that we will work closely with the
Pyro team in the future (see letter of collaboration). The main difference with respect to Edward lies in the
deep learning frameworks upon which these libraries are built. TensorFlow models compile to a static graph,
whereas PyTorch model are dynamic in the sense that the computation graph is constructed at run time
using a tape-based automatic differentiation system [5]. That said, the distinction between TensorFlow and
PyTorch based systems will likely be less prominent in the future, since support for dynamic execution is
also under development for TensorFlow [82]. For this reason, I expect that innovations from the proposed
work will find their way into all three systems.
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To optimize this objective, we need to compute an expectation with respect to q(y , z | xn), which is intractable.
Edward [90], Pyro [2], and Probabilistic Torch [95] provide methods to approximate the gradient of this
objective with a Monte Carlo estimate. To calculate this estimate, these libraries construct a stochastic
computation graph of the form shown in Figure 1, which draws reparameterized samples y , z ⇠ q(y , z | xn)
from the recognition model, and computes the log probabilities log p✓(xn , y , z) and log q�(y , z | xn).
Figure 2 shows the Probabilistic Torch implementation of the encoder and decoder, which are both standard
PyTorch networks. Probabilistic Torch extends PyTorch with a data structure that we refer to as a Trace,
which instantiates and stores named random variables. Forward execution of the encoder first generates a
sample q['y'] from a Concrete distribution (a continuous relaxation of the categorical distribution [51, 35])
and then generates q['z'] from a normal distribution. The returned trace q holds both the value and log
probability for each of the sampled variables. The values condition forward execution in the decoder, which
returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
can be optimized with stochastic gradient descent in the usual manner.

The design shown in Figure 2 is nothing fancy, which is deliberate. Our goal with Probabilistic Torch [95]
is to provide a minimal set of abstractions that extend PyTorch with the functionality for deep generative
models: (1) distribution primitives to define random variable nodes (2) automated procedures to compute
variational objectives. Two libraries that provide similar constructs are Pyro [2], which is also based on PyTorch
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developed independently, but have substantially similar designs. I expect that we will work closely with the
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whereas PyTorch model are dynamic in the sense that the computation graph is constructed at run time
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PyTorch based systems will likely be less prominent in the future, since support for dynamic execution is
also under development for TensorFlow [82]. For this reason, I expect that innovations from the proposed
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To optimize this objective, we need to compute an expectation with respect to q(y , z | xn), which is intractable.
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and then generates q['z'] from a normal distribution. The returned trace q holds both the value and log
probability for each of the sampled variables. The values condition forward execution in the decoder, which
returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
can be optimized with stochastic gradient descent in the usual manner.

The design shown in Figure 2 is nothing fancy, which is deliberate. Our goal with Probabilistic Torch [95]
is to provide a minimal set of abstractions that extend PyTorch with the functionality for deep generative
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variational objectives. Two libraries that provide similar constructs are Pyro [2], which is also based on PyTorch
[69], and Edward [90], which is implemented on top of TensorFlow [1]. Probabilistic Torch and Pyro were
developed independently, but have substantially similar designs. I expect that we will work closely with the
Pyro team in the future (see letter of collaboration). The main difference with respect to Edward lies in the
deep learning frameworks upon which these libraries are built. TensorFlow models compile to a static graph,
whereas PyTorch model are dynamic in the sense that the computation graph is constructed at run time
using a tape-based automatic differentiation system [5]. That said, the distinction between TensorFlow and
PyTorch based systems will likely be less prominent in the future, since support for dynamic execution is
also under development for TensorFlow [82]. For this reason, I expect that innovations from the proposed
work will find their way into all three systems.
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To optimize this objective, we need to compute an expectation with respect to q(y , z | xn), which is intractable.
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returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
can be optimized with stochastic gradient descent in the usual manner.

The design shown in Figure 2 is nothing fancy, which is deliberate. Our goal with Probabilistic Torch [95]
is to provide a minimal set of abstractions that extend PyTorch with the functionality for deep generative
models: (1) distribution primitives to define random variable nodes (2) automated procedures to compute
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developed independently, but have substantially similar designs. I expect that we will work closely with the
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deep learning frameworks upon which these libraries are built. TensorFlow models compile to a static graph,
whereas PyTorch model are dynamic in the sense that the computation graph is constructed at run time
using a tape-based automatic differentiation system [5]. That said, the distinction between TensorFlow and
PyTorch based systems will likely be less prominent in the future, since support for dynamic execution is
also under development for TensorFlow [82]. For this reason, I expect that innovations from the proposed
work will find their way into all three systems.
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objective with a Monte Carlo estimate. To calculate this estimate, these libraries construct a stochastic
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returns a second trace p. These two traces are then used to evaluate an objective function elbo(q, p), which
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models: (1) distribution primitives to define random variable nodes (2) automated procedures to compute
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[69], and Edward [90], which is implemented on top of TensorFlow [1]. Probabilistic Torch and Pyro were
developed independently, but have substantially similar designs. I expect that we will work closely with the
Pyro team in the future (see letter of collaboration). The main difference with respect to Edward lies in the
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whereas PyTorch model are dynamic in the sense that the computation graph is constructed at run time
using a tape-based automatic differentiation system [5]. That said, the distinction between TensorFlow and
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also under development for TensorFlow [82]. For this reason, I expect that innovations from the proposed
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

The results in Figure 3 are similar to those in [17], which serves as a basic validation of our framework.216

Better quantitative performance could be achieved by using alternate factorisations, as in Maaløe et al.217

[23] and innovations in neural-network architectures, as in Sønderby et al. [32], Rasmus et al. [26].218

Supervision rate: We additionally explore the effect of the hyper-parameter ↵, that controls the219

relative weight of labelled vs. unlabelled data on the objective in Figure 3. We use L = |Dsup| and220

U = |D| to refer to the number of labeled and unlabeled examples. We report classification errors221

as a function of the supervision rate ⇢ = ↵L/(U + ↵L) and the total number of labeled examples222

L. In situations when the labelled data is very sparse, we observe that over-representing the labeled223

examples during training aids generalisation. However, as is to be expected, over-fitting occurs when224

⇢ is increased beyond a certain point.225

3.2 Intrinsic Faces226

We next move to a more complex domain involving generative models of faces. The stronger227

dependencies between the latents, compared to the models in Section 3.1, adds additional structural228

constraints for the recognition network to consider. We use the “Yale B” dataset [5] as processed229

by Jampani et al. [11] for the results in Figure 5. The primary tasks we are interested in here to230

demonstrate interpretability and disentangled representations are (i) classification of person identity,231

and (ii) regression for lighting direction.232

Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly learn both233

the structured recognition model, and the generative model parameters, denoting identity i, lighting l,234

shading s, and reflectance r. Note that in the recognition model (Figure 4), the lighting l is a latent235

variable with continuous domain, and one that we partially supervise. We encode identity i as a236

categorical random variable. Having partially specified these two variables of interest (and how they237

relate to each other), we can leave the rest of the model unspecified.238

Input Recon. Varying Identity
Identity Lighting

Ours
(Full Supervision)

4.2 (± 0.84) 13.1 (± 1.05)

Ours
(Semi-Supervised)

10.2 (± 2.31) 18.2 (± 2.23)

Jampani et al. [11]
(plot asymptotes)

⇡ 30 ⇡ 10

Figure 5: (Left) Exploring the generative capacity of the model showing the input image, its
reconstruction, and reconstructions with fixed (inferred) lighting and varying identities. (Right)
Classification and regression error rates for the identity and lighting latent variables, fully-supervised,
and semi-supervised with 20 distinct labelled example per variation axis (60 total). Classification is a
direct 1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the
inferred reflectance. Regression loss for lighting is measured as cosine angle distance.
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Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set

Input Recon. Varying Identity

Input Recon. Varying Lighting

Identity Lighting

Ours
(Full Supervision)

1.9% (± 1.5) 3.1% (± 3.8)

Ours
(Semi-Supervised)

3.5% (± 3.4) 17.6% (± 1.8)

Jampani et al. [11]
(plot asymptotes)

⇡ 30 ⇡ 10

Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
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instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
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have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
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Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set
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Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set
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Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set
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Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set
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Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Input Reconstruction Decomposition

M
M+N Count Error (%)

w/o MNIST w/ MNIST

0.1 85.45 (± 5.77) 76.33 (± 8.91)
0.5 93.27 (± 2.15) 80.27 (± 5.45)
1.0 99.81 (± 1.81) 84.79 (± 5.11)

Figure 6: Left: Example input multi-MNIST images and reconstructions. Top-Right: Decomposition
of Multi-MNIST images into constituent MNIST digits. Bottom-Right: Count accuracy over
different supervised set sizes M for given dataset size M + N = 82000.

xk to the mean of the distribution. This can be seen akin to providing bounding-boxes around the
constituent digits as supervision for the labelled data, which must be taken into account when learning
the affine transformations that decompose a multi-MNIST image into its constituent MNIST-like
images. This model design is similar to the one used in DRAW [9], recurrent VAEs [3], and AIR [4].

In the absence of a canonical multi-MNIST dataset, we created our own from the MNIST dataset by
manipulating the scale and positioning of the standard digits into a combined canvas, evenly balanced
across the counts (1-3) and digits. We then conducted two experiments within this domain. In the
first experiment, we seek to measure how well the stochastic sequence generator learns to count
on its own, with no heed paid to disentangling the latent representations for the underlying digits.
Here, the generative model presumes the availability of individual MNIST-digit images, generating
combinations under sampled affine transformations. In the second experiment, we extend the above
model to now also incorporate the same pre-trained MNIST model from the previous section, which
allows the generative model to sample MNIST-digit images, while also being able to predict the
underlying digits. This also demonstrates how we can leverage compositionality of models: when
a complex model has a known simpler model as a substructure, the simpler model and its learned
weights can be dropped in directly.

The count accuracy errors across different supervised set sizes, reconstructions for a random set of
inputs, and the decomposition of a given set of inputs into their constituent individual digits, are
shown in Fig. 6. All reconstructions and image decompositions shown correspond to the nested-model
configuration. We observe that not only are we able to reliably infer the counts of the digits in the
given images, we are able to simultaneously reconstruct the inputs as well as its constituent parts.

4 Discussion and Conclusion

In this paper we introduce a framework for learning disentangled representations of data using
partially-specified graphical model structures and semi-supervised learning schemes in the domain of
variational autoencoders (VAEs). This is accomplished by defining hybrid generative models which
incorporate both structured graphical models and unstructured random variables in the same latent
space. We demonstrate the flexibility of this approach by applying it to a variety of different tasks
in the visual domain, and evaluate its efficacy at learning disentangled representations in a semi-
supervised manner, showing strong performance. Such partially-specified models yield recognition
networks that make predictions in an interpretable and disentangled space, constrained by the structure
provided by the graphical model and the weak supervision.

The framework is implemented as a PyTorch library [25], enabling the construction of stochastic
computation graphs which encode the requisite structure and computation. This provides another
direction to explore in the future — the extension of the stochastic computation graph framework to
probabilistic programming [8, 34, 35]. Probabilistic programs go beyond the presented framework to
permit more expressive models, incorporating recursive structures and higher-order functions. The
combination of such frameworks with neural networks has recently been studied in Le et al. [22] and
Ritchie et al. [28], indicating a promising avenue for further exploration.
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xk to the mean of the distribution. This can be seen akin to providing bounding-boxes around the
constituent digits as supervision for the labelled data, which must be taken into account when learning
the affine transformations that decompose a multi-MNIST image into its constituent MNIST-like
images. This model design is similar to the one used in DRAW [9], recurrent VAEs [3], and AIR [4].

In the absence of a canonical multi-MNIST dataset, we created our own from the MNIST dataset by
manipulating the scale and positioning of the standard digits into a combined canvas, evenly balanced
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first experiment, we seek to measure how well the stochastic sequence generator learns to count
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allows the generative model to sample MNIST-digit images, while also being able to predict the
underlying digits. This also demonstrates how we can leverage compositionality of models: when
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weights can be dropped in directly.

The count accuracy errors across different supervised set sizes, reconstructions for a random set of
inputs, and the decomposition of a given set of inputs into their constituent individual digits, are
shown in Fig. 6. All reconstructions and image decompositions shown correspond to the nested-model
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In this paper we introduce a framework for learning disentangled representations of data using
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variational autoencoders (VAEs). This is accomplished by defining hybrid generative models which
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in the visual domain, and evaluate its efficacy at learning disentangled representations in a semi-
supervised manner, showing strong performance. Such partially-specified models yield recognition
networks that make predictions in an interpretable and disentangled space, constrained by the structure
provided by the graphical model and the weak supervision.

The framework is implemented as a PyTorch library [25], enabling the construction of stochastic
computation graphs which encode the requisite structure and computation. This provides another
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set

Input Recon. Varying Identity

Input Recon. Varying Lighting

Identity Lighting

Ours
(Full Supervision)

1.9% (± 1.5) 3.1% (± 3.8)

Ours
(Semi-Supervised)

3.5% (± 3.4) 17.6% (± 1.8)

Jampani et al. [11]
(plot asymptotes)

⇡ 30 ⇡ 10

Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set
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Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.
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Example: Multiple MNIST Digits
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Figure 6: Left: Example input multi-MNIST images and reconstructions. Top-Right: Decomposition
of Multi-MNIST images into constituent MNIST digits. Bottom-Right: Count accuracy over
different supervised set sizes M for given dataset size M + N = 82000.

xk to the mean of the distribution. This can be seen akin to providing bounding-boxes around the
constituent digits as supervision for the labelled data, which must be taken into account when learning
the affine transformations that decompose a multi-MNIST image into its constituent MNIST-like
images. This model design is similar to the one used in DRAW [9], recurrent VAEs [3], and AIR [4].

In the absence of a canonical multi-MNIST dataset, we created our own from the MNIST dataset by
manipulating the scale and positioning of the standard digits into a combined canvas, evenly balanced
across the counts (1-3) and digits. We then conducted two experiments within this domain. In the
first experiment, we seek to measure how well the stochastic sequence generator learns to count
on its own, with no heed paid to disentangling the latent representations for the underlying digits.
Here, the generative model presumes the availability of individual MNIST-digit images, generating
combinations under sampled affine transformations. In the second experiment, we extend the above
model to now also incorporate the same pre-trained MNIST model from the previous section, which
allows the generative model to sample MNIST-digit images, while also being able to predict the
underlying digits. This also demonstrates how we can leverage compositionality of models: when
a complex model has a known simpler model as a substructure, the simpler model and its learned
weights can be dropped in directly.

The count accuracy errors across different supervised set sizes, reconstructions for a random set of
inputs, and the decomposition of a given set of inputs into their constituent individual digits, are
shown in Fig. 6. All reconstructions and image decompositions shown correspond to the nested-model
configuration. We observe that not only are we able to reliably infer the counts of the digits in the
given images, we are able to simultaneously reconstruct the inputs as well as its constituent parts.

4 Discussion and Conclusion

In this paper we introduce a framework for learning disentangled representations of data using
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Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set

Input Recon. Varying Identity

Input Recon. Varying Lighting

Identity Lighting

Ours
(Full Supervision)

1.9% (± 1.5) 3.1% (± 3.8)

Ours
(Semi-Supervised)

3.5% (± 3.4) 17.6% (± 1.8)

Jampani et al. [11]
(plot asymptotes)

⇡ 30 ⇡ 10

Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.

8

Intrinsic Faces Multi-MNIST

x

i `s

r x

i`

r

s

xak

xkzk

yk

K

K

x

K

ak

xk

hk

zk

yk

hk�1

K

Generative Model Recognition Model Generative Model Recognition Model

Figure 4: Generative and recognition models for the intrinsic-faces and multi-MNIST experiments.

Note that in the recognition model (Fig. 4), the lighting l is a latent variable with continuous domain,
and one that we partially supervise. Further, we encode identity i as a categorical random variable,
instead of constructing a pixel-wise surface-normal map (each assumed to be independent Gaussian)
as is customary. This formulation allows us to address the task of predicting identity directly, instead
of applying surrogate evaluation methods (e.g. nearest-neighbour classification based on inferred
reflectance). Figure 5 presents both qualitative and quantitative evaluation of the framework to jointly
learn both the structured recognition model, and the generative model parameters.

3.3 Multi-MNIST

Finally, we conduct an experiment that extends the complexity from the prior models even further.
Particularly, we explore the capacity of our framework to handle models with stochastic dimension-
ality – having the number of latent variables itself determined by a random variable, and models
that can be composed of other smaller (sub-)models. We conduct this experiment in the domain of
multi-MNIST. This is an apposite choice as it satisfies both the requirements above – each image can
have a varying number of individual digits, which essentially dictates that the model must learn to
count, and as each image is itself composed of (scaled and translated) exemplars from the MNIST
data, we can employ the MNIST model itself within the multi-MNIST model.

The model structure that we assume for the generative and recognition networks is shown in Fig. 4.
We extend the models from the MNIST experiment by composing it with a stochastic sequence
generator, in which the loop length K is a random variable. For each loop iteration k = 1, . . . , K,
the generative model iteratively samples a digit yk, style zk, and uses these to generate a digit image
xk in the same manner as in the earlier MNIST example. Additionally, an affine tranformation is also
sampled for each digit in each iteration to transform the digit images xk into a common, combined
canvas that represents the final generated image x, using a spatial transformer network [10].

In the recognition model, we predict the number of digits K from the pixels in the image. For each
loop iteration k = 1, . . . , K, we define a Bernoulli-distributed digit image xk. When supervision is
available, we compute the probability of xk from the binary cross-entropy in the same manner as in
the likelihood term for the MNIST model. When no supervision is available, we deterministically set

Input Recon. Varying Identity

Input Recon. Varying Lighting

Identity Lighting

Ours
(Full Supervision)

1.9% (± 1.5) 3.1% (± 3.8)

Ours
(Semi-Supervised)

3.5% (± 3.4) 17.6% (± 1.8)

Jampani et al. [11]
(plot asymptotes)

⇡ 30 ⇡ 10

Figure 5: Left: Exploring the generative capacity of the supervised model showing the input image,
its reconstruction, and reconstructions where the identity and lighting is varied given a fixed (inferred)
value of the other latent variables. Right: Classification and regression error rates for the identity
and lighting latent variables, fully-supervised, and semi-supervised (with 6 labelled example images
for each of the 38 individuals, a supervision rate of ⇢ = 0.5, and ↵ = 10). Classification is a direct
1-out-of-38 choice, whereas for the comparison, error is a nearest-neighbour loss based on the inferred
reflectance. Regression loss for lighting is measured as angular distance.

8

Semi-supervised

Encoder

Data

Unsupervised

Decoder

[Siddharth, Paige, van de Meent, Desmaison, Wood, Goodman, Kohli, Torr, NIPS 2017]



Deep Probabilistic Models

Figure 6: Predictions from an LDS SVAE fit to depth video. In each panel, the top is a sampled
prediction and the bottom is real data. The model is conditioned on observations to the left of the line.

(a) Extension into running

(b) Fall from rear

Figure 7: Examples of behavior states inferred from depth video. Each frame sequence is padded on
both sides, with a square in the lower-right of a frame depicting when the state is the most probable.

stepsize of 0.1, the standard gradient dynamics at step sizes of both 0.1 and 0.05 resulted in some
matrix parameters to be updated to indefinite values.

6.2 LDS SVAE for modeling video

We also apply an LDS SVAE to model depth video recordings of mouse behavior. We use the dataset
from Wiltschko et al. [3] in which a mouse is recorded from above using a Microsoft Kinect. We
used a subset consisting of 8 recordings, each of a distinct mouse, 20 minutes long at 30 frames per
second, for a total of 288000 video fames downsampled to 30 ⇥ 30 pixels.

We use MLP observation and recognition models with two hidden layers of 200 units each and a 10D
latent space. Fig. 5b shows images corresponding to a regular grid on a random 2D subspace of the
latent space, illustrating that the learned image manifold accurately captures smooth variation in the
mouse’s body pose. Fig. 6 shows predictions from the model paired with real data.

6.3 SLDS SVAE for parsing behavior

Finally, because the LDS SVAE can accurately represent the depth video over short timescales, we
apply the latent switching linear dynamical system (SLDS) model to discover the natural units of
behavior. Fig. 7 shows some of the discrete states that arise from fitting an SLDS SVAE with 30
discrete states to the depth video data. The discrete states that emerge show a natural clustering of
short-timescale patterns into behavioral units. See the supplementals for more.

7 Conclusion

Structured variational autoencoders provide a general framework that combines some of the strengths
of probabilistic graphical models and deep learning methods. In particular, they use graphical models
both to give models rich latent representations and to enable fast variational inference with CRF
structured approximating distributions. To complement these structured representations, SVAEs use
neural networks to produce not only flexible nonlinear observation models but also fast recognition
networks that map observations to conjugate graphical model potentials.

8
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Data Science ❤ Probabilistic Modeling + Deep Learning?

• Structured priors model problem domain 
• Bayesian inference for uncertainty estimates 
• Neural likelihood models for data such as text and images 
• Neural inference models predict values for latent variables
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Today: Unsupervised Learning

(a) (b) (c) (d)

Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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Treating ỹ = yi as observed results in the supervised objective141

L
�
✓,�;xi

���
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134
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q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�

�
z,y | xi

�
. For example, for discrete y, choosing q�(z,y | x) =147

q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150

ure 1. In it, the value y of the distribution q�y (· | x) is observed, while the distribution q�z (· | x,y)151

4

p

λ

y

η

ε

z p

λ

q

ηφ

φ

x (data) y (partial labels)

p

ηθ

q

Recognition Model

z x

y

Generative Model

z x
ε

y

x

Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
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2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
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Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),
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Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127

point xi to the ELBO can be expressed, with minor adjustments of Equation (1), whose Monte-Carlo128

approximation samples latents z and y from the recognition distribution q�
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131

along with the data, for fixed (xi,yi) pairs, the lower bound on the conditional log-marginal likelihood132

log p✓(x | y) is133
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�
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. For example, for discrete y, choosing q�(z,y | x) =147

q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150

ure 1. In it, the value y of the distribution q�y (· | x) is observed, while the distribution q�z (· | x,y)151
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).

xn

zn ✓�

N

Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127

point xi to the ELBO can be expressed, with minor adjustments of Equation (1), whose Monte-Carlo128

approximation samples latents z and y from the recognition distribution q�
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131

along with the data, for fixed (xi,yi) pairs, the lower bound on the conditional log-marginal likelihood132
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�

�
z,y | xi

�
. For example, for discrete y, choosing q�(z,y | x) =147

q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127

point xi to the ELBO can be expressed, with minor adjustments of Equation (1), whose Monte-Carlo128
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131

along with the data, for fixed (xi,yi) pairs, the lower bound on the conditional log-marginal likelihood132
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�
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q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150

ure 1. In it, the value y of the distribution q�y (· | x) is observed, while the distribution q�z (· | x,y)151
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).

xn

zn ✓�

N

Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146
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2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146
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Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144
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digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�
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. For example, for discrete y, choosing q�(z,y | x) =147

q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150

ure 1. In it, the value y of the distribution q�y (· | x) is observed, while the distribution q�z (· | x,y)151
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146
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q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Figure 2: (a) Visual analogies for the MNIST data, with inferred style latent variable fixed and
the label varied. (b) Exploration in “style” space for a 2D latent gaussian random variable. Visual
analogies for the SVHN data when (c) fully supervised, and (d) partially supervised with just 100
labels/digit.

To train deep generative models in a semi-supervised manner, we need to incorporate labelled data126

into the variational bound. In a fully unsupervised setting, the contribution of a particular data127

point xi to the ELBO can be expressed, with minor adjustments of Equation (1), whose Monte-Carlo128

approximation samples latents z and y from the recognition distribution q�

�
z,y | xi

�
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By contrast, in the fully supervised setting the values y are treated as observed and become fixed130

inputs into the computation graph, instead of being sampled from q�. When the label y is observed131

along with the data, for fixed (xi,yi) pairs, the lower bound on the conditional log-marginal likelihood132

log p✓(x | y) is133
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This quantity can be optimized directly to learn model parameters ✓ and �z simultaneously via SGD.134

However, it does not contain the encoder parameters �y . This difficulty was also encountered in a135

related context by Kingma et al. [17]. Their solution was to augment the loss function by including136

an explicit additional term for learning a classifier directly on the supervised points.137

Here we propose an alternative approach. We extend the model with an auxiliary variable ỹ with138

likelihood p(ỹ | y) = �ỹ(y) to define densities139

p(ỹ,y, z,x) = p(ỹ | y)p✓(x | y, z)p(y, z)

q(ỹ,y, z | x) = p(ỹ | y)q(y, z | x).

When we marginalize the ELBO for this model over ỹ, we recover the expression in Equation (2).140

Treating ỹ = yi as observed results in the supervised objective141
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Integration over an observed y is then replaced with evaluation of the ELBO and the density q�y at142

yi. A Monte Carlo estimator of Equation (4) can be constructed automatically for any factorization143

of q� by sampling latent variables z and weighting the resulting ELBO estimate by the conditional144

density terms q�y (y|·).145

Note that the exact functional form of the Monte Carlo estimator will vary depending on the146

dependency structure of q�

�
z,y | xi

�
. For example, for discrete y, choosing q�(z,y | x) =147

q�z (z | y,x)q�y (y | x), decomposes the problem into simultaneously learning a classifier148

q�y (y | x) alongside the generative model parameters ✓ and encoder q�z (z|x,y) which is condi-149

tioned on the selected class. The computation graph for a model with this factorization is shown in Fig-150

ure 1. In it, the value y of the distribution q�y (· | x) is observed, while the distribution q�z (· | x,y)151
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Figure 1: Semi-supervised learning in structured variational autoencoders, illustrated on MNIST
digits. Top-Left: Generative model. Bottom-Left: Recognition model. Middle: Stochastic com-
putation graph, showing expansion of each node to its corresponding sub-graph. Generative-model
dependencies are shown in blue and recognition-model dependencies are shown in orange. See
Section 2.2 for a detailed explanation. Right: learned representation.

2 Framework and Formulation

VAEs [16, 27] are a class of deep generative models that simultaneously train both a probabilistic
encoder and decoder for a elements of a data set D = {x1, . . .xN}. The central analogy is that
an encoding z can be considered a latent variable, casting the decoder as a conditional probability
density p✓(x|z). The parameters ⌘✓(z) of this distribution are the output of a deterministic neural
network with parameters ✓ (most commonly MLPs or CNNs) which takes z as input. By placing a
weak prior over z, the decoder defines a posterior and joint distribution p✓(z | x) / p✓(x | z)p(z).
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Inference in VAEs can be performed using a variational method that approximates the
posterior distribution p✓(z | x) using an encoder q�(z | x), whose parameters ��(x) are
the output of a network (with parameters �) that is referred to as an “inference network”
or a “recognition network”. The generative and inference networks, denoted by solid
and dashed lines respectively in the graphical model, are trained jointly by performing
stochastic gradient ascent on the evidence lower bound (ELBO) L(�, ✓; D)  log p✓(D),

L(�, ✓; D) =
NX

n=1

L(�, ✓;xn) =
NX

n=1

Eq�(z|xn)[log p✓(x
n | z) + log p(z) � log q�(z|xn)]. (1)

Typically, the first term Eq�(z|xn)[log p✓(xn | z)] is approximated by a Monte Carlo estimate and the
remaining two terms are expressed as a divergence �KL(q�(z|xn)kp(z)), which can be computed
analytically when the encoder model and prior are Gaussian.

In this paper, we will consider models in which both the generative model p✓(x,y, z) and the
approximate posterior q�(y, z | x) can have arbitrary conditional dependency structures involving
random variables defined over a number of different distribution types. We are interested in defining
VAE architectures in which a subset of variables y are interpretable. For these variables, we assume
that supervision labels are available for some fraction of the data. The VAE will additionally retain
some set of variables z for which inference is performed in a fully unsupervised manner. This is in
keeping with our central goal of defining and learning in partially-specified models. In the running
example for MNIST, y corresponds to the classification label, whereas z captures all other implicit
features, such as the pen type and handwriting style.

This class of models is more general than the models in the work by Kingma et al. [17], who consider
three model designs with a specific conditional dependence structure. We also do not require p(y, z)
to be a conjugate exponential family model, as in the work by Johnson et al. [14]. To perform
semi-supervised learning in this class of models, we need to i) define an objective that is suitable to
general dependency graphs, and ii) define a method for constructing a stochastic computation graph
[29] that incorporates both the conditional dependence structure in the generative model and that of
the recognition model into this objective.
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Idea: Relax ①, ②, and ③ in favor of ④ 

② + ③ + ④ ① + ③ + ④ ① + ② + ④ ① + ② + ③
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Marginals should
be identical
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Marginals should
be identical

Correlations between variables 
should be identical
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Marginals should
be identical

Correlations between variables 
should be identical

Disentanglement: p(z) =
Q

d p(zd)
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[Esmaeli, Wu, Jain, Bozkurt, Siddharth, Paige, Brooks, Dy, van de Meent, Arxiv 2018]
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(Can continue decomposition for any number of levels)

Disentanglement: p(z) =
Q

d p(zd)
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Generalizations of VAE objectives
Hierarchically Factorized Variational Autoencoders

A.2 Comparison Table

Paper Objective

Kingma and Welling [2013], Rezende et al. [2014] 1 + 2 + 3 + 4

Higgins et al. [2016] 1 + 3 + � ( 2 + 4 )

Kumar et al. [2017] 1 + 2 + 3 + � 4

Zhao et al. [2017] 1 + 3 + � 4

Gao et al. [2018] 1 + 2 + 3 + 4 � � 2 a

Achille and Soatto [2018] 1 + 3 + � 2 + � A ⇤

Kim and Mnih [2018],Chen et al. [2018] 1 + 2 + 3 + B + � A ⇤

HFVAE (this paper) 1 + 3 + ii + ↵ 2 + � A + � i

Table 3: Comparison of objectives in autoencoding deep generative models. The asterisk A ⇤ indicates
that the prior factorizes, i.e. p(z) =

Q
d p(zd). The notation 2 a refers to restriction of the mutual

information 2 to a subset of "Anchor" variables za.

A.3 Mutual Information between label y and representation z
We quantize each individual dimension zd into 10 bins based on the CDF of the empirical distribution.
In other words, dimension zd is divided in a way that each bin contains 10% of the training data. We
then compute the mutual information I(x; zd) as:

I(z 2 bini,y = k) = q(z 2 bini,y = k)


log

q(z 2 bini,y = k)

q(z 2 bini)q(y = k)
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For the case where z is a concrete variable, we use the following formulation:
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Finally, for the overall mutual information we have:
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I(z = l,y = k)

13
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For the case where z is a concrete variable, we use the following formulation:

I(z = l,y = k) = q(z = l,y = k)


log

q(z = l,y = k)

q(z = l)q(y = k)

�

q(z = l,y = k) = q(y = k)q(z = l|y = k)

=
Nk

N
q(z = l|y = k)

q(z = l|y = k) =
X

x

q(z = l,x|y = k)

=
X

x

q(z = l|x,y = k)q(x|y = k)

=
1

Nk

X

x

q(z = l|x,y = k)

q(z = l) =
X

x

q(z = l,x)

=
X

x

q(z = l|x)q(x)

=
1

N

X

x

q(z = l|x)

Finally, for the overall mutual information we have:

I(z,y) =
X

l

X

k

I(z = l,y = k)
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Results: CelebA

Orientation Smiling Sunglasses

H
FV

A
E

�
-V

A
E

Figure 4: Interpretable factors in CelebA for a HFVAE (� = 5.0, � = 3.0) and a �-VAE (� = 8.0)

In this objective, ↵ controls the I(x; z) regularization, � controls the TC regularization between
groups of variables, and � controls the TC regularization within groups. This objective is similar to
but more general than the one recently proposed by Kim & Mnih Kim and Mnih [2018] and Chen et al.
[2018]. Our objective admits these objectives as a special case corresponding to a non-hierarchical
decomposition in which � = �. The first component of A is not present in these objectives,
which implicitly assume that p(z) =

Q
d p(zd). In the more general case where p(z) 6=

Q
d p(zd),

maximizing A with respect to � will match the total correlation in q(z) to the total correlation in
p(z).

3.1 Approximation of the Objective
In order to optimize this objective, we need to approximate the inference marginals q�(z), q�(zd),
and q�(zd,e). Computing these quantities exactly requires a full pass over the dataset, since q�(z) is
a mixture over all data points in the training set. We approximate q�(z) with a Monte Carlo estimate
q̂�(z) over the same batch of samples that we use to approximate all other terms in the objective
LHFVAE(✓,�). For simplicity we will consider the term

Eq�(z,x)[log q�(z)] '
1

B

BX

b=1

log q�(z
b), zb ⇠ q�(z | xb), ⇠ Uniform(1, . . . , N) (6)

We define the estimate of q̂�(zb) as (see Appendix A.1)

q̂�(z
b) :=

1

N
q�(z

b | xb) +
N � 1

N(B � 1)

X

b0 6=b

q�(z
b | xb0). (7)

This estimator differs from the one in Kim and Mnih [2018], which is based on adversarial-style
estimation of the density ratio, and is also distinct from the estimators in Chen et al. [2018] who
employ different approximations. We can think of this approximation as a partially stratified sample,
in which we deterministically include the term xn = xb and compute a Monte Carlo estimate over
the remaining terms, treating indices b0 6= b as samples from the distribution q(x | x 6= xb). We now
substitute log q̂�(z) for log q�(z) in Equation (6). By Jensen’s inequality this yields a lower bound
on the original expectation. While this induces a bias, the estimator is consistent. In practice, the bias
is likely to be small given the batch sizes (512-1024) needed to approximate the inference marginal.

4 Related Work
In addition to the work by Kim and Mnih [2018] and Chen et al. [2018], our objective is related to a
number of recently proposed modifications of VAE objectives (see Appendix A.2 for an overview).
Zhao et al. [2017] consider an objective that eliminates the mutual information 2 entirely and assigns
an additional weight to the KL divergence between q�(z) and p(z) in 4 . Kumar et al. [2017]
approximate the KL divergence in 4 by matching the covariance of q�(z) and p(z). Recent work by
Gao et al. [2018] connects VAEs to the principle of correlation explanation, and defines an objective
that reduces the mutual information regularization in 2 for a subset of "Anchor" variables za. Achille
and Soatto [2018] interpret VAEs from an information bottleneck perspective and introduce a TC
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Results: MNIST and FMNIST

Figure 5: Left: MNIST and F-MNIST reconstructions for zd values ranging from -3 to 3. Rows
contain both different samples from the dataset and different dimensions d. Right: The mutual
information 2 for each individual dimension I(x; zd), ranked in ascending order, with the Concrete
variable shown last. The HFVAE prunes 3 continuous dimensions in MNIST and 4 in F-MNIST.

Input �-VAE HFVAE I(y; z) I(y; z)
(� = 4) (� = 12, � = 4) (�-VAE, � = 4) (HFVAE, � = 12, � = 4)

Figure 6: Left: Manipulation of the thickness variable over the range -3 to 3. The �-VAE is not able
to maintain digit identity as we vary thickness. The HFVAE, which incorporates a discrete variable
into the prior is able to maintain the digit identity across the entire range. Right: Mutual information
between label y and individual dimensions of z.

term into the objective. In addition to VAEs, generative adversarial networks have also been leveraged
to learn disentangled representations. The InfoGAN Chen et al. [2016a] achieves disentanglement by
maximizing the mutual information between individual features and the data under the generative
model.
In settings where we are not primarily interested in inducing disentangled representations, the �-VAE
objective has also been used with � < 1 in order to increase the quality of reconstructions (see, e.g.,
[Alemi et al., 2016, Engel et al., 2017, Liang et al., 2018]). This also decreases the relative weight of
2 , but this in practice does not influence the learned representation in cases where I(x; z) saturates
anyway.

5 Experiments
To assess the quality of disentangled representations that the HFVAE induces, we evaluate a number
of tasks and datasets. We consider CelebA [Liu et al., 2015] and dSprites [Higgins et al., 2016]
as exemplars of datasets that are typically used to demonstrate general-purpose disentangling. As
specific examples of datasets that require a discrete variable, we consider MNIST [LeCun et al., 2010]
and F-MNIST [Xiao et al., 2017]. Finally, we consider an example that extends beyond image-based
domains by using the HFVAE objective to train neural topic models on the 20NewsGroups [Lang,

Table 1: Dimensionality of latent variables
VAE variants and the HFVAE.

VAE HFVAE
Normal Normal Concrete

MNIST 10 10 10
F-MNIST 10 10 10
dSprites 10 10 3
CelebA 20 20 2

Table 2: Disentanglement scores for the dSprites
dataset using the metrics proposed by Kim and
Mnih [2018] and Eastwood and Williams [2018].

Model Kim Eastwood

VAE 0.63 ±0.06 0.30 ±0.10
�-VAE (� 4.0) 0.63 ±0.10 0.41 ±0.11
�-TCVAE (� 4.0) 0.62 ±0.07 0.29 ±0.10
HFVAE (� 4.0, � 3.0) 0.63 ±0.08 0.39 ±0.16

6
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Results: Generalization

Pruning Generalization Pruning Generalization

Figure 9: Generalization to unseen combinations of factors. A HFVAE is trained on the full dataset,
and then retrained after a subset of the data is pruned. We then test generalization on the removed
portion of the data.

confirm that the HFVAE learns to encode the information on digits in the discrete variable. In the case
of the �-VAE, this information is less clearly captured, spread out across the available dimensions.

5.4 Zero-shot Generalization
A particular feature of disentangled representations is their utility, with evidence from human
cognition Lake et al. [2017], suggesting that learning independent factors can aid in generalization to
previously unseen combinations of factors. For example, one can imagine a pink elephant even if one
has not (sadly) encountered such an entity previously.
To evaluate if the representations learned using HFVAEs exhibit such properties, we introduce a
different measure of disentanglement quality. Having first trained a model with the chosen data
and objective, here MNIST and the HFVAE, we prune the dataset, removing data containing some
particular combinations of factors, say images that depict a thick number 7, or a narrow 0. We then
train anew with the modified dataset, using the pruned data as unseen test data.
Figure 9 shows the results of this experiment. As can be seen, the model trained on pruned data is
able to successfully reconstruct digits with values for the stroke and character width that were never
encountered during training. The histograms for the feature values show the ability of HFVAE to
correctly encode features from previously unseen examples.

6 Discussion
Much of the work on learning disentangled representations thus far has focused on cases where the
factors of variation are uncorrelated scalar variables. As we begin to apply these techniques to real
world datasets, we are likely to encounter correlations between latent variables, particularly when
there are causal dependencies between them. This work is a first step towards learning of more
structured disentangled representations. By enforcing statistical independence between groups of
variables, or relaxing this constraint, we now have the capability to disentangle variables that have
higher-dimensional representations. An avenue of future work is to develop datasets that allow us to
more rigorously test our ability to characterize correlations between higher-dimensional variables.
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Bonus: Learning Correlations Between Topics
Correlation Between Topic Activations
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Figure 8: Learned topics in the 20NewsGroups dataset using the HFVAE and the VAE objective. The
middle column shows frequent words for the 3 most informative topics of the VAE, and the 3 most
correlated topics in the HFVAE. The left column lists their corresponding mutual information with x
and the topic coherence score. The right column shows the correlations between topics. The HFVAE
learns 2 groups of topics that are internally uncorrelated (top-left and bottom-right quadrants), whilst
uncovering sparse correlations between groups (top-right and bottom-left quadrants).

We train a standard NVDM with a 50-dimensional latent variable using the normal VAE objective.
We compare this baseline to a HFVAE with two 25-dimensional latent variables that is trained with
� = 7, and � = 4. It means we allow correlations within a group but prevent correlations at the
group level.
Figure 7 (right) shows the mutual information between the latent code and binary indicator variables
for the document category (see Appendix D.2). We see that the latent dimensions of the HFVAE
(columns) achieve a higher degree of disentanglement as is evident from the fact that indicator labels
(shown as rows) correlate generally with only one latent feature (shown in columns). Note that a
single feature can capture two distinct topics in this model (of which only one is shown), which
correspond to negative and positive weights in the likelihood model (see Appendix D.2).
To further evaluate whether HFVAEs are able to uncover these correlations between topics, we
compare a normal ProdLDA model with 50 topics, which we train with a standard VAE objective, to
a HFVAE implementation in which we assume two latent variables with 25 dimensions each. We use
� = 0.1 and � = 4.0. This means that we relax the constraint on the TC at the group level. In other
words, the HFVAE model should learn two groups of 25 topics in a manner that allows correlations
between topics in different groups, and prevents correlations within a group.
Figure 8 shows that this approach indeed works as expected. The HFVAE learns correlations between
topics that are distinct yet not unrelated, such as religion and politics in the middle east, whereas the
VAE does not uncover any significant correlations between topics. As with the MNIST and F-MNIST
examples, there is also a significant degree of pruning. The HFVAE learns 11 topics with a significant
mutual information I(x; zd), whereas the VAE has a nonzero mutual information for all 50 topics.

5.3 Unsupervised Learning of Discrete Labels
An interesting question relating to the use of discrete latent variables in our framework is how
effective these variables are at improving it is at disentanglement. In general, a discrete variable
over K dimensions expresses a sparsity constraint over those dimensions, as any choice made from
that variable is constrained to lie on the vertices of the K-dimensional simplex it represents. This
interpretation broadly carries over even in the case of continuous relaxations such as the Concrete
distribution that we employ to enable reparameterization for gradient-based methods.
The ability of our framework to disentangle discrete factors of variation using the discrete variables
depends then, on how separable the underlying classes or identities actually are. For example, in the
case of F-MNIST, a number of classes (i.e., shoes, trousers, dresses, etc.) are visually distinctive
enough that they can be captured faithfully by the discrete latent variable. However, in the case
of dSprites, while the shapes (squares, ellipses, and hearts) are conceptually distinct, visually, they
can often be difficult to distinguish, with actual differences in the scale of a few pixels. Here, our
approach is less effective at disentangling the relevant factors with the discrete latent. The MNIST
dataset lies in the middle of these two extremes, allowing for clear separation in terms of the digits
themselves, but also blurring the lines partially with how similar some of them may appear—a 9 can
appear quite similar to a 4, for example, under some small perturbation.
Figure 6 showcases the ability of the HFVAE to disentangle discrete latent variables from continuous
factors of variation in an unsupervised manner. Here, we have sampled a single data point for each
digit and vary the “thickness”-encoding dimension for each of the �-VAE and HFVAE models.
Clearly, HFVAE does a better job at disentangling digit vs. thickness. To quantify this ability, as
before, we measure the mutual information I(x; zd) between the label and each latent dimension, and
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